Abstract. In this article, we prove that finite semidistributive lattices are dismantlable if and only if they are planar. This extends a well-known result by Kelly and Rival that states the same property for finite distributive lattices. Moreover, we show how the breadth of finite semidistributive lattices can be computed with the help of canonical join representations. We use this result to conclude that the breadth of a finite semidistributive dismantlable lattice cannot exceed 2.
Introduction
A lattice is dismantlable if it can be constructed from the singleton lattice by subsequently adding doubly-irreducible elements. Dismantlable lattices have been studied by Kelly and Rival in [5] , and a characterization of dismantlable lattices in terms of forbidden subposets, so-called k-crowns for k ≥ 3, has been given. In the same article, Kelly and Rival proved that finite distributive lattices are dismantlable if and only if they are planar, i.e. their Hasse diagram has a planar embedding into the plane, see [5, Corollary 3.6] . In this article, we generalize this result to finite semidistributive lattices.
Theorem 1.1. A finite semidistributive lattice is dismantlable if and only if it is planar.
A helpful tool in the proof of [5, Corollary 3.6 ] is the breadth of a lattice, i.e. the least number k such that every element can be expressed as a join of at most k elements. We relate the breadth of a finite semidistributive lattice to the maximal size of a canonical join representation in this lattice, see Proposition 2.4 below. It is well-known that the finite semidistributive lattices are precisely those finite lattices in which every element has a canonical join representation [3, Theorem 2.24] . In [5, Theorem 3.5], Kelly and Rival proved that finite modular lattices are dismantlable if and only if their breadth does not exceed 2. We conclude this paper with a proof of the following, similar statement.
Theorem 1.2. A finite semidistributive lattice is dismantlable if and only if it has breadth at most 2.
In Section 2, we recall the definition of semidistributive lattices, as well as their characterization in terms of forbidden sublattices due to Davey, Poguntke, and Figure 1 . Essentially the forbidden sublattices of a semidistributive lattice.
Rival [2] , and recall the notion of canonical join representations. We finally prove Theorems 1.1 and 1.2 in Section 3.
Semidistributive Lattices
We assume the reader to be familiar with the basic lattice-theoretic notions, and refer to [3, 4] for any undefined terminology. Recall that a finite lattice
for all x, y, z ∈ L, and dually L is join-semidistributive if
Finally, L is semidistributive if it is both meet-and joinsemidistributive. The following simple characterization of semidistributive lattices in terms of forbidden sublattices first appeared in [2] . Figure 1 .
Theorem 2.1 ([2]). A finite lattice is semidistributive if and only if it contains no sublattice isomorphic to the lattices (or their duals) shown in
In this case, we usually write A x instead of Z. Moreover, it follows immediately that A x is an antichain consisting of join-irreducible elements. The importance of canonical join representations in the context of this paper is stated in the next theorem. The next proposition explicitly determines the canonical join representations with respect to intervals of L. [u, v] .
. , s} and k i = u is the canonical join representation of z in
(a) A 4-crown.
The Hasse diagram of the 4-crown is a planar graph. Proof.
Suppose that there is some other join-representation Z of z in [u, v] . This implies in particular that Z is a join-representation of z in L, and it follows that A z refines Z. Let j i ∈ A z such that j i ≤ u. There exists some x ∈ Z with j i ≤ x, and
Since u ≤ x we conclude that x is an upper bound for both j i and u, and it follows that
, then x can already be written as the join of a b(L)-element subset of {x 1 , x 2 , . . . , x k }. The next result shows how the breadth can be determined from canonical join representations. 
Proposition 2.4. For any finite semidistributive lattice
It follows from the maximality of k that Z cannot be the canonical join representation of z, and hence A z Z. By definition of the breadth and the choice of z, however, z cannot be the join of a proper subset of Z, which is a contradiction.
Hence we have b(L) = k.
is a sublattice of L and |L i | = i for every i ∈ {1, 2, . . . , n}. Figure 3 indicates that the pentagon lattice is dismantlable. A very helpful characterization of dismantlable lattices was given by Kelly and Rival in [5] . Recall that for k ≥ 3 a k-crown is a poset consisting of 2k elements x 1 , x 2 , . . . , x k , y 1 , y 2 , . . . , y k where x i , x i+1 < y i for i ∈ {1, 2, . . . , k} (we set x k+1 = x 1 ) are the only non-trivial order relations. Figure 2(a) shows a 4-crown. Figure 3 . The pentagon lattice can be dismantled by successively removing a doubly irreducible element.
Theorem 3.1 ([5, Theorem 3.1]). A finite lattice is dismantlable if and only if it contains no crowns.
Recall further that a poset is called planar if its Hasse diagram can be drawn in the plane without any of its edges crossing. In the remainder of this section we prove Theorems 1.1 and 1.2, which characterize the finite semidistributive lattices that are dismantlable in terms of planarity and breadth. Remark 3.2. We can make the definition of planarity of posets strictly formal in the following way: let H be a graph, and let E(H) be an embedding of H in the plane such that there are no horizontal edges. We can associate a poset to E(H) by saying that u → E(H) v if and only if (u, v) is an edge in H, and v is drawn above u. The reflexive and transitive closure of → E(H) forms a poset, which we will denote by P
E(H) . Clearly, E(H) is the Hasse diagram of P E(H)
. Now, let P be a poset and let H P be the Hasse diagram of P. Then, we say that P is planar if and only if there exists a planar embedding E(H P ) of H P such that P ∼ = P E(H P ) .
Consider for instance the 4-crown shown in Figure 2 (a). Its Hasse diagram is certainly a planar graph, since it can be embedded planarly for instance as shown in Figure 2(b) . However, the poset corresponding to this embedding is no longer isomorphic to the 4-crown. Figure 2(c) shows, however, that the 4-crown is indeed a planar poset.
The "only if"-part of Theorem 1.1 follows from the following well-known result.
Theorem 3.3 ([1, Corollary 4.4]). Finite planar lattices are dismantlable.
The proof of the "if"-part breaks down into two cases, which we address in the following two lemmas. Proof. Suppose that [u, v] is an interval of L which has exactly k atoms, say a 1 , a 2 , . . . , a k , and let z i = a i ∨ a i+1 for i ∈ {1, 2, . . . , k} where we set a k+1 = a 1 . Suppose further that k ≥ 3, and-without loss of generality-that z 1 = z 2 .
We thus have a 1 ∨ a 2 = a 2 ∨ a 3 , and a 2 ∨ (a 1 ∧ a 3 ) = a 2 < z 1 , which contradicts (2) . Hence all the z i 's are distinct. This implies, however, that the set {a 1 , a 2 , . . . , a k , z 1 , z 2 Proof. Let x ⋖ y indicate that x < y and there is no z with x < z < y. Assume that L is not planar. Then, there exists an interval [u, v] which is not planar, and in particular there exist two crossing saturated chains, say c 1 :
(This means that for any given embedding of L in the plane there exist two indices i ∈ {0, 1, . . . , s − 1} and j ∈ {0, 1, . . . , t − 1} such that the edges (x i , x i+1 ) and (y j , y j+1 ) are crossing. Clearly, exchanging x i and y j yields a different embedding of L without this crossing. However, the assumption that the interval [u, v] is not planar implies that in this modified embedding there are still two chains in [u, v] that are crossing, but which might not have been crossing in the original embedding.) Clearly, we can choose c 1 and c 2 in such a way that u ′ ⋖ x 0 , y 0 and x s , y t ⋖ v ′ . By assumption, x 0 and y 0 are the only upper covers of u ′ , and x s and y t are the only lower covers of v ′ . We distinguish four cases.
is not planar, there must be a chain from x 0 to y t and a chain from y 0 to x s which, however, contradicts the fact that L is a lattice, since x 0 ≤ x s , y t and y 0 ≤ x s , y t , but x 0 and y 0 , as well as x s and y t are mutually incomparable. See Figure 4 (a) for an example.
(ii) Let u < u ′ and v ′ = v. Let us assume that there is no situation as described in (i). Then, since [u, v] is not planar, there must be a chain from y 0 to x s properly containing some element z (i.e. x 0 < z < y t ) as well as some chain from u to z. Now, we can quickly check that the set {u ′ , x 0 , y 0 , z, x s , y t , v ′ } forms a sublattice of L isomorphic to L 2 in Figure 1(b) , contradicting the semidistributivity of L. See Figure 4 (b) for an example.
(iii) Let u = u ′ and v ′ < v. This works dually to (ii).
(iv) Let u < u ′ and v ′ < v. This works analogously to (ii) or (iii).
We thus obtain a contradiction in every case, and conclude that L must be planar.
We have thus gathered all the ingredients for the proof of Theorem 1.1.
Proof of Theorem 1.1. Let L be a finite, semidistributive lattice. If L is planar, then Theorem 3.3 implies that L is dismantlable. Conversely, suppose that L is dismantlable. Lemma 3.4 implies that every element of L has at most two upper covers and at most two lower covers. Lemma 3.5 implies now that L is planar.
Remark 3.6. The lattice in Figure 4 (b) is neither semidistributive nor planar, but dismantlable.
We recall another result due to Kelly and Rival that relates breadth and dismantlability.
(a) A non-planar poset which is not a lattice. We conclude this paper with the announced proof of Theorem 1.2.
In particular, L does not contain a 3-crown, and Lemma 3.7 implies that b(L) ≤ 2. Now suppose that L is not dismantlable. Theorem 1.1 implies that L is not planar, and Lemma 3.5 implies that there is some element x that has at least three upper covers or at least three lower covers. First suppose that x has three upper covers say a 1 , a 2 , and a 3 . Let z = a 1 ∨ a 2 ∨ a 3 . If we assume that z can already be expressed as the join of two of these three elements, then we can find a sublattice of L isomorphic to the duals of the lattices shown in Figures 1(a), 1(c) , or 1(d), which contradicts the semidistributivity of L. (Which sublattice we obtain depends on how many two-element subsets of {a 1 , a 2 , a 3 } suffice to form z.) It follows that the canonical join representation of z in the interval [x, z] has at least three elements. Proposition 2.3 implies that the canonical join representation of z in L also has at least three elements, and Proposition 2.4 implies that b(L) ≥ 3. Now suppose that x has three lower covers, say a 1 , a 2 , and a 3 again. By duality, we notice that the meet z ′ = a 1 ∧ a 2 ∧ a 3 cannot be expressed as the meet of two of these three elements. It follows further that none of a 1 , a 2 , and a 3 is joinirreducible and can thus not be part of the canonical join representation of x. This implies in particular that the canonical join representation of x in [z ′ , x] has at least three elements. Now we obtain b(L) ≥ 3 as before.
